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Abstract
By separating the thermal circle from the extra dimensions, we
find a novel exact Dp-brane solution of Type IIB supergravity, which
might provide a scenario for studying the non-perturbative dynamics
of QCD4 from the perspective of Type IIB supergravity.
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1
The exact solutions of 10-dimensional or 11-dimensional supergravity the-
ories play a crucial role in the string/M theory phenomenological researches.
Based on the conjectured gauge/gravity correspondence[1], the AdS-BH so-
lutions of 10-dimensional Type II supergravities and 11-dimensional super-
gravity have been used to estimate QCD glueball mass spectra and study
other nonperturbative aspects of the low-dimensional gauge theories[2][3, 4,
6, 7, 8][9]. The black p-brane solutions of Type 0 and Type II supergravities
have also provided proper backgrounds for studying the inflationary physics
in the framework of Mirage Cosmology[10][11].
The study of IR dynamics of the strongly coupled gauge theories based on
the conjectured AdS/CFT correspondence requires the supergravity solutions
dual to non-conformal gauge theories. According to Witten’s suggestion[2],
such a dual gravity description can be realized if we compactify the AdS met-
ric on a thermal circle S1. At high temperature (small radius of the circle) the
metric turns out to be an AdS black hole metric. If the thermal circle comes
further from a periodic dimension on the worldvolume of the Dp-brane, we
can impose anti-periodic boundary conditions on the fermionic fields to ob-
tain a gravity dual of the lower dimensional gauge theory so that the latter is
not only conformal invariance broken but spacetime supersymmetry broken.
As a price to be paid, although Type IIB supergravity AdS5-BH solution[5]
appeared more natural as a gravity dual to QCD4, it was actually used to
investigate the nonperturbative properties of QCD3[6]. Conventionally, the
IR dynamics of QCD4 such as the QCD4 glueball masses was studied in the
framework of AdS7-BH p-brane solution of the 11-dimensional supergravity
theory.
In this paper we report a novel Dp-brane black hole solution of Type
IIB supergravity. This solution describes such a 10-dimensional spacetime
in which the thermal circle emerges from the compact subspace extra to the
worldvolume of the Dp-branes. Different from the known AdS5-BH solution
which was usually formulated for Euclidean signature, our solution is more
natural for Minkowski signature. We expect this solution might to provide a
dual description for the non-conformal QCDp+1-like gauge theory living on
the worldvolume of the Dp-branes.
2
Our starting point is the following action of the 10-dimensional Type IIB
supergravity in the Einstein frame[12, 13],
S = −s 1
16piG10
∫
d10x
√
g
[
R− 1
2
gµν∂µφ∂νφ− 1
2
∑
p
1
(p+ 2)!
eapφF 2p+2 + · · ·
]
.
(1)
Here s = −1 (+1) for “mostly plus” Minkowski (Euclidean) signature, G10 is
the 10-dimensional Newton constant and ap = (3 − p)/2. The dots in Eq.(1)
represent fermionic terms as well as the terms involving in NS-NS 3-form
field strength. φ stands for the dilaton field. The (p+2)-form field strengths
Fp+2 belong to the RR sector. The implicit Dp-branes form the source of RR
charges for these field strengths. We shall only consider the terms explicitly
listed. For Type IIB supergravity theory, the indices p do only take odd
integers from −1 to 9. In particular, the 5-form field strength F5 is self-dual
for Minkowski signature[12]. The action leads to the following equations of
motion for a general p( 6= 3):
Rµν =
1
2
∂µφ∂νφ+
1
2
∑
p
1
(p+2)!
eapφ
[
(p+ 2)F µξ2···ξp+2Fνξ2···ξp+2 −
(
p+1
D−2
)
δµνF
2
p+2
]
,
1√
g
∂µ(
√
ggµν∂νφ) =
1
2
∑
p
1
(p+2)!
ape
apφF 2p+2,
∂µ
(√
geapφF µν2···νp+2
)
= 0,
∂[µFµ1µ2···µp+2] = 0.
(2)
where D = 10. For simplicity we will consider the case with Fp+2 6= 0 only
for one value of p. For p = 3, in addition to the fact that F5 is self dual
for Minkowski signature, the dilaton is decouple from the other degrees of
freedom[13]. The supergravity equations are then revised as:
Rµν =
1
2·5!
(
5F µξ2···ξ5Fνξ2···ξ5 − 12δµνF 25
)
,
∂µ
(√
gF µν2···ν5
)
= 0,
(∗F )µ1µ2···µ5 = Fµ1µ2···µ5 .
(3)
Here the decoupled dilaton has consistently been regarded as a constant.
The D3-brane solution of Eqs.(3) is expected to provide a dual description
of QCD4 in 4-dimensional Minkowski space-time.
We suppose that the whole 10-dimensional spacetime in Type IIB su-
pergravity theory is a direct product K(1,p+2) × Sd of a (p + 3)-dimensional
spacetime K(1,p+2) and a (d − 2)-dimensional sphere Sd−2 (p + d = D − 1).
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Besides the (p+1)-dimensional sub-spacetime M (1,p) occupied by Dp-branes,
there are an extra dimension and a thermal circle S1 in K(1,p+2). We label
the spacetime by the coordinates zM = (θ, r, t, xi, yα), where i = 1, 2, · · · , p
and α = 1, 2, · · · , d − 2. The coordinate of extra dimension coincides with
the squared radius r =
√∑
α(y
α)2 of the transverse sphere Sd−2. The metric
respecting to the symmetries of above 10-dimensional spacetime reads:
ds2 = B2(r)dθ2+C2(r)
[
sdt2+
p∑
i=1
(dxi)2
]
+F 2(r)dr2+G2(r)r2(dΩd−2)
2 . (4)
This is a diagonal metric where all the components are assumed to depend
only on the transverse distance r. The SO(1, p) invariance of the metric
ansatz (4) might imply that the probable solutions of Eqs.(2-3) considered
here are generally independent of those in [5]. In terms of Eq.(4),
Rθθ = −F−2[(lnB)′′ + (lnB)′(ln frd−2)′]
Rrr = −F−2{(lnFfrd−2)′′ − (lnF )′(lnFfrd−2)′ + [(lnB)′]2
+ (p+ 1)[(lnC)′]2 + (d− 2)[(lnGr)′]2}
Rtt = R
i
i = −F−2[(lnC)′′ + (lnC)′(ln frd−2)′]
Rαα = −F−2[(lnGr)′′ + (lnGr)′(ln frd−2)′ − (d− 3) F
2
(Gr)2
] .
(5)
where f = BF−1Cp+1Gd−2 and (lnB)′, say, denotes the derivative of function
(lnB) with respect to the coordinate r.
For a general p (6= 3), the (p+1)-form RR gauge potential could naturally
couple to the worldvolume of the Dp-branes, in which the resulting (p + 2)-
form RR field strength is termed as electric. We assume the following electric
ansatz for the RR field strength Fp+2:
Fti1i2···ipr(r) = δ
12 ··· p
i1i2···ipΨ(r). (6)
The Banchi identities [the third set of equations in Eq.(1)] are automatically
satisfied by this ansatz. The field equation of RR field strength leads to:
Ψ(r) = e−apφ
Cp+1FQ
B(Gr)d−2
, (7)
with Q the constant of integration[13]. Consequently,
1
(p+2)!
F 2p+2 = se
−2apφ Q2
B2(Gr)2d−4
,
1
(p+1)!
F µξ2···ξp+2Fνξ2···ξp+2 = sδ
µ
νe
−2apφ Q2
B2(Gr)2d−4
.
(8)
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with µ, ν ∈ {t, r, 1, 2, · · · , p} in the second equation. We can recast the
Einstein equations in Eqs.(2) as:
Rrr =
φ′2
2F 2
+Rtt
Rtt = R
i
i = −(d−2p+1)Rθθ
Rθθ = R
α
α
Rαα = −se−2apφ (p+1)Q
2
2(D−2)B2(Gr)2d−4 .
(9)
where i = 1, 2, · · · , p and α stands for an arbitrary coordinate on Sd−2. They
yield the following differential equations for determining the metric compo-
nents in Ansatz (4):
(lnBd−2Cp+1)′′ + (lnBd−2Cp+1)′
[
(ln f)′ + (d− 2)/r
]
= 0. (10)
(lnGd−2Cp+1)′′ +(lnGd−2Cp+1)′(ln frd−2)′ + (d−2)
r
(ln f)′
+ (d−2)(d−3)
r2
[1− (F/G)2] = 0. (11)
(lnFfrd−2)′′ +(lnF )′(lnFfrd−2)′ + (lnB)′2 + (p+ 1)(lnC)′2
+(d− 2)(lnGr)′2 − (lnC)′′ − (lnC)′(ln frd−2)′ + 1
2
(φ′)2 = 0.
(12)
(lnGr)′′+(lnGr)′(ln frd−2)′−(d−3)[F/(Gr)]2−se−apφ (p+ 1)F
2Q2
2(D − 2)B2(Gr)2d−4 = 0.
(13)
Besides,the field equation of dilaton is also recast as:
φ′′ +
[f + (d− 3)]
fr
φ′ − sape−apφ Q
2
2f 2(Gr)2d−4
= 0. (14)
We now intend to find some exact solutions to these equations. Let
lnBd−2Cp+1 = cB ln f, (15)
with cB a constant, we see from Eq.(10),
f ′′ +
(d− 2)
r
f ′ = 0. (16)
By imposing the asymptotic condition lim
r→∞ f(r) = 1, this equation enable us
to determine the function f(r):
f = 1− (r0/r)d−3 (17)
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Eq.(11) can be reduced to
(ln f)′ +
(d− 3)
r
(1− f 2cF ) = 0 (18)
if we assume Gd−2Cp+1 = 1 and F = Gf cF . The consistency between Eq.(18)
and its solution (17) indicates cF = −1/2 and furthermore cB = (d − 2)/2.
These data enable us to express all the metric components in terms of a
unique function G(r):
F = G/
√
f, B = G
√
f, C = G−(
d−2
p+1
). (19)
By combining Eq.(19) and Eqs.(12-14) we find that dilaton is also related to
G(r): φ = ap(D−2p+1 ) lnG. Let
G = H
p+1
∆
p (20)
with ∆ = (d− 2)(p+ 1) + 12a2p(D− 2). The metric turns out to be determined
by the equations,
H ′′p +
f+(d−3)
fr
H ′p = 0
H ′p
2 + s ∆Q
2
2(D−2)f2r2(d−2) = 0
(21)
The exact solution to Eqs.(21) reads:
Hp(r) =


1 + h
(d−3)rd−30
ln[1− (r0/r)d−3], if r0 6= 0
1− h
(d−3)rd−3 , if r0 = 0
(22)
where the integration constant h is subject to an algebraic equation h2 +
s ∆Q
2
2(D−2) = 0 , which is real when we take s = −1.
Now we consider the case p = 3 with Minkowski signature. The above
conclusion is almost applicable if we let p = 3 in the listed equations except
that the dilaton is decouple from the metric tensor and the RR field strength
F5 must be self-dual. Instead of the simple assumption (6) for Fp+2 (p 6= 3),
the self-duality characteristic of F5 enforce us to suppose
F5 =
FC4Q
B(Gr)4
dt∧dx1∧dx2∧dx3∧dr+√γ4Qdθ∧dα1∧dα2∧dα3∧dα4 (23)
where αi (i = 1, · · · , 4) are the local coordinates on S4 and γ4 stands for the
determinant of the corresponding metric tensor. Eq.(23) indicates 15!F
2
5 = 0
6
while 14!F
αξ2···ξ5Fβξ2···ξ5 = δ
α
β
Q2
B2(Gr)8 for α, β ∈ θ, α1, · · · , α4. However, such a
difference does not change the mathematical structure of the solution (22).
A remarkable alteration is that the integration constant h is shifted to h =
±√2Q.
In conclusion, we have found a novel Dp-brane black hole solution to
the bosonic action (1) of Type IIB supergravity. It is spherically symmetric
with all the fields are only dependent upon the radial coordinate of the extra
dimensions. The solution reads
ds210 = H
2(p+1)
∆
p f(dθ)2 +H
2(p+1)
∆
p f−1(dr)2 +H
− 2(d−2)
∆
p [s(dt)2 +
∑p
i=1(dxi)
2]
+H
2(p+1)
∆
p r2(dΩd−2)
2,
φ = (
D − 2
∆
)ap lnHp, Fp+2 =
Q
fH2rd−2
dt ∧ dx1 ∧ · · · ∧ dxp ∧ dr . (24)
for a general p(6= 3) and
ds210 =
√
H3[1− (r0/r)3](dθ)2 +
√
H3
[1−(r0/r)3](dr)
2 + 1√
H3
[−(dt)2 +∑3i=1(dxi)2]
+
√
H3r
2(dΩ4)
2,
φ = 0, F5 =
[ Q
H23r(r
3 − r30)
]
dt∧dx1∧dx2∧dx3∧dr+√γ4Qdθ∧dα1∧dα2∧dα3∧dα4.
(25)
for p = 3. If r0 = 0, this background metric in Eqs.(24-25) approaches to
that of the spacetime AdSp+2 × Sd−2 × S1 in the limit of r → 0. While for
a general r0(6= 0), the metric defines a 10-dimensional spacetime that has
an extra compact dimension S1 transverse to the worldvolume of the Dp-
branes. This compact dimension might be a reasonable candidate for the
thermal circle if Type IIB supergravity could provide a dual description for
the nonperturbative aspects of the 4-dimensional Yang-Mills gauge theories
such as QCD4.
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